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Stephen J. Hitzfelder, Gilbert N. Plass, and George W. Kattawar
i
a The complete radiation field including polarization is calculated for a model
of the real atmosphere by the matrix operator method. The radiance, direction and
amount of polarization, and ellipticity are obtained at the top and bottom of the
atmosphere for three values of the surface albedo (0; 0.15; 0.90) and five solar
zenith angles. Scattering and absorption by molecules (including ozone) and by
aerosols are taken into account together with the variation of the number density of
:x
w
	
	
these substances with height. All results are calculated for both a normal aerosol
number and a distribution which is one-third of the normal amount at all heights.
The calculated values show general qualitative agreement with the available experi-
mental measurements. The position of the neutral points of the polarization in the
principal plane is a sensitive indicator of the characteristics of the aerosol
r	
particles in the atmosphere, since it depends on the sign and value of the single
scattered polarization for scattering angles around 200 and 160 0 for transmitted
and reflected photons respectively. This in turn depends on the index of refraction
and size distribution of the aerosols. The neutral point position does not depend
appreciably on the surface albedo and, over a considerable range, depends little on
the solar zenith angle. The value of the.maximum polarization in the principal
1
plane depends on
r
the aerosol amount, surface albedo, and solar zenith angle.- It
could be used to measure the aerosol amount.	 The details of the ellipticity curves
are very similar to those for scattering from pure aerosol- layers and thus are little
c	 modified by the Rayleigh scattering.	 Aerosols could be identified by their charac-
teristic ellipticity curves:
The authors are with the Physics Department, Texas A&M University,
College Station, Texas	 77843.
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I.	 Introduction
A complete description of the radiation field scattered from or transmitted
•through an atmospheric layer requires a specification of the degree and direction of
polarization and the ellipticity of the radiation in addition to the radiance. Even
though the incoming solar radiation is unpolarized to a high approximation, the
multiple scattered light in a planetary atmosphere is in general polarized.
Elegant and elaborate mathematical solutions have been developed to calculate
the scattering from layers with isotropic and Rayleigh phase functions. These methods
together with calculated results have been reviewed recently by Kattawar et all
(referred to hereafter as I). They also discuss the more general methods including
Monte Carlo, iterative, doubling and matrix operator that have been used in recent
years for the solution of problems with phase functions applicable to hazes and
clouds of various types. The radiance, polarization, and neutral points of the mult-
iple scattered radiation emerging from continental haze layers is given in I, while
the ellipticity and direction of polarization of this radiation is given by Plass et
Z(referred to hereafter as II). These results are all for layers of uniform com-
position.
The actual atmosphere is highly inhomogeneous with the number of molecules and
aerosols varying in a different manner with height. Relatively few studies have
attempted to calculate the polarization and ellipticity of the radiation using a
ry	 realistic model for the vertical variations of the components of the earth's atmos-
phere. The only two studies of which we are aware are those of Plass and Kattawar3
by the Monte Carlo method and Tanaka4. by a matrix method.
The matrix operator method has been modified in the present study so that the
complete radiation field can be calculated from a realistic model of the earth's
atmosphere.- The results are compared with those previously reported in I and II for
Rayleigh and continental haze layers.
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	 II. Computational Aspects and Atmospheric Model
	
x
Atmospheric models that included only Rayleigh, but not aerosol scattering,
	
3	
s
	
were studied by Sekera 5
 and others. Their results clearly indicate that the scat-
tering and absorption of the radiation by the aerosols as well as ozone absorption
must be included in a realistic model in addition to the Rayleigh scattering. Our
model includes these factors.
The extinction coefficients for the Rayleigh, aerosol, and ozone constituents
as a function of height are taken from the tables given by Elterman et a1 6 . Two
different models were derived from his data: the unchanged or normal model in which
the aerosol amount as a function of height agrees with Elterman's tables and the
one-third normal model, in which the aerosol constituent was reduced to one-third
(
	
	 the normal amount at each height, while the other atmospheric constituents were kept
unchanged. These two models were used to study the effects of varying the aerosol
content of the earth's atmosphere. The data used from Elterman's tables was for a
wavelength of 0.55 um, in the middle of the visible region. For the normal model,-
the total optical depth was 0.378; for the one-third normal model, the total optical
depth was 0.212. The one-third normal model has a different effective phase matrix
as well as a different total optical depth than the normal model. Both. of these
differences have an important influence on the calculated results.
The aerosols were represented by the haze L model for the continental haze pro-
posed byDeirmenjian 7 . The number of particles with a given radius is proportional
to r2 exp(-15.1186r1/2) where r is the particle radius. The mode radius is 0.07 um.
At the wavelength of 0.55 pm, the real and imaginary parts of the index of refraction
for the aerosols were assumed to be n 1 = 1.55 and n2 = 0.05.
The single scattering phase matrix for haze L was calculated by the method de-
	
r-	
scribed by Kattawar and Plass8 and Kattawar et a1 9 . The Mie scattering matrix was
obtained for size parameters x 2 frr /a from 0.05 to 30 using a 50th order Gauss
-4-
quadrature. The calculated single scattering albedo is 0.7171. Fifty-five Fourier
terms were used to describe the phase matrix. The single scattering function ob-
tained from this phase matrix is shown in Fig. 5 of I. There is a fairly strong
maximum in the backward direction (the glory) and a slight maximum at the rainbow
angle. The value at the minimum is about 1/300 of that in the forward direction.
The surface of the earth has a considerable effect on both the radiance and
polarization. Although it is not realistic, the earth's surface is represented by
a Lambert surface which reflects radiation uniformly into all available solid angles
and completely depolarizes the radiation on reflection. Three values of the surface
albedo are considered, A = 0, 0.15, and 0.90. The zero value is considered for two
reasons: it is easy to calculate and, when compared with other results, it helps
to demonstrate the effect of a real surface on the reflected and transmitted radia-
tion. A reasonable average value for the albedo of the various surfaces on the
r,
earth is 0.15. Since a snow covered surface closely approximates a Lambert surface
[4
with an albedo of about 0.9, this value was also included in the calculations.
The complete multiple scattered radiation field was calculated by matrix oper
ator theory as described in I and II and by Plass et a1 10 . There is no difficulty
in this formulation of the theory in applying it to atmospheres with vertical inho-
mogenieties. The atmosphere was initially divided into twenty layers each with
appropriate average values for the Rayleigh, aerosol, and ozone scattering and
absorbing coefficients. A different effective phase matrix was computed for each
atmospheric layer from the haze L and Rayleigh phase matrices from the proportion of
the two types of particles in the layer.
„s
The calculation proceeded in the following way: the twenty layers were selected
to have equal optical thickness. A single integration was performed for each layer
=}	 with the Runge-Kutta method to obtain the reflection and transmission matrices at an
7
optical thickness of 2
- , 
This result was then doubled until the optical
a
x	 ^^
thickness of the layer was achieved. This proceedure was repeated for each layer.
The combining algorithm 10 was used to calculate the reflection and transmission
matrices for the combination of two layers. This process was repeated until the
reflection and transmission operators for the entire atmosphere had been constructed.
The Lambert surface at the bottom of the atmosphere is easily included as a special
case of the combining algorithm 10 . A 28 point Lobatto quadrature was used for the
points and weights needed in the calculation.
The polarization is defined as
5Y
u	 P	 (Q2 + UZ + V2 ) 1/2/I,	 (1)
where the four components of the Stokes vector are taken as I,
	 Q, U, V. In some
R
cases it is.desirable to assign a sign to the polarization which depends on whether
I r
 (perpendicular component of radiance) is greater or less than I 1 (parallel com-
(	 ponent)., Unfortunately both possible choices of sign have been used in the litera
I^
I'
ture. Chandrasekhar
11
 and I assign a-negative sign to the polarization when I  7 L1.
{	 Tanaka4-and Coulson et a1 12
 assign a positive sign to the polarization when Ir < I1' 	
.
In this article we adopt the latter convention, so that our results can be compared
'	 more readily with those previously calculated for a real atmosphere by Tanaka. The 	 {z
polarization of radiation scattered by a Rayleigh phase function has a positive sign
according to this convention. j
III. Radiance
is
The transmitted diffuse radiance at the earth's surface as calculated from our
model atmospheres is shown in Fig. 1 when the sun is at the zenith (oo	 00)
Curves are shown for the model with a normal aerosol amount as well as the one with
9
one-third of the normal amount. Results are given for both models for three surface
albedos (A = 0, 0.15 and 0.90). In addition the radiance due to photons that have
undergone only a single scattering event is shown for the normal aerosol model. The
incoming. solar flux is normalized to unity through a plane perpendicular to the
_f
solar direction in this article. The transmitted radiance is always for the diffuse
component only, i. e, photons that have undergone at least one scattering event.
The radiance transmitted through the atmosphere for A = 0 is greater for the
normal aerosol model than for the one-third normal model except near the horizon, in
agreement with the results of Plass and Kattawar3 .	 There is horizon brightening for
the one-third normal atmosphere in this case, while the radiance shows a maximum
r ,e
near 80° and then decreases toward the horizon for the normal atmosphere.
	 This is
connected with the fact that the transmitted radiation through a pure Rayleigh atmos-
phere shows horizon brightening up to an optical depth of about 0.5 and horizon
'i darkening at greater optical depths (see Fig. 2 of I, and Coulson et a1 12 ).	 The
radiance of the model atmospheres shows a much greater variation with the zenith
{ angle of observation than in the case of Rayleigh scattering (Fig.. 2 of I).
The transmitted radiance in the principal plane (0	 0 0 and 1800 ) for various
solar zenith angles (oo = 0 0 , 21.10°, 40.88 0 , 60.53 0 , 80,18°) is given in Fig. 2 when
1
A = 0.15 and for the normal aerosol model. 	 The diffuse radiance for directions near
the solar position is very similar over this wide range of solar angles.
	
The value
of the radiance at the minimum decreases and the position of the minimum approaches
the zenith as the sun approaches the horizon,
The reflected radiance as observed at the top of the atmosphere is shown in Fig.
3 when the sun is at the zenith.
	
When A = 0, there is horizon darkening when the
normal aerosol model	 is used and horizon brightening with the one-third normal model.
Again this is connected with the fact that, in the case of Rayleigh scattering, there
Il	 _ is horizon brightening thro ugh optical depths of 0.25 and horizon darkening at greater9	 9	 9	 P	 P	
_	
9	 9
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optical depths (see Fig. 1 of I, and Coulson et a11 2 ).	 The slight increase in the
j radiance for the normal atmosphere model at the nadir is due to the glory in the
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aerosol phase function.
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The ground albedo exerts a much greater effect on the reflected radiance than
the transmitted. The reflected radiance varies relatively little with nadir angle
when A = 0.15 and 0.90. A comparison of the two atmospheric models yields an inter-
esting point. When A = 0, the radiance is greater at most angles for the normal
aerosol model than for the one-third normal model. On the other hand the one-third
normal model radiance is the greater for the non-zero albedo cases. The reason is
	 t
that the total downward flux (diffuse plus direct solar beam) is greater for the one-
third than for the normal aerosol model. When the albedo is non-zero, this extra
contribution after reflection from the earth's surface makes the reflected radiance
at the top of the atmosphere greater for the one-third than for the normal model.
"t	 r
On the other hand when the surface albedo is zero, the additional optical thickness
of the normal atmosphere model over the one-third normal one provides additional
scattering centers to increase the radiance (except near the horizon where the effec-
tive optical thickness is already large)
The reflected radiance for oo = 80.18° in the principal plane is given in Fig. 4.
:u
A comparison of the normal and one-third normal radiances reveals that they have the
same relationship to each other as in Fig. 3 over a wide range of nadir angles,
except near the horizon in many cases. Even when A = 0.90, the reflected radiance
still exhibits a strong maximum near the solar horizon from the aerosol phase function,
the reflected radiation from the ground is not strong enough even in this case to
smooth out the variation ofthe radiance with nadir angle, as it does when the sun is
at the zenith.
The reflected radiance is shown in Fig. 5 for five solar zenith angles when A =
0.15 and for two solar zenith angles when A = 0.. These results are for the normal
aerosol model and are given in the principal plane ( = 0 and 180°). The ground
albedo has a much more important effect on the reflected radiance when Oo = 00 than
when oo = 80.18	 When the sun is at the Zenith, the reflected radiance varies little
it
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with nadir angle when A = 0.15. As the sun moves toward the horizon, the reflected
radiance shows a greater variation with nadir angle, until there is a deep minimum
I
near the nadir and a large maximum at the solar horizon when oo
 = 80.18 0 .
IV. Polarization
The polarization was calculated from the four components of the Stokes vector
according to Eq. (1) and with the sign convention explained thereafter. The single
scattered polarization for the haze L aerosols assumed for the model atmospheres is
shown in Fig. 18 of I. The sign of the results shown in this figure should be changed
when comE,;aring the results with the present article.
The polarization of the transmitted photons is shown in Fig. 6 for the normal
	
it
G	 aerosol model and for A = 0.15. Curves are given for o = 0°, 21.20°, 40.88°, 60.53°, 	 -
o
80.18° in the principal plane. The maximum value for the polarization occurs very
'	 roughly at right angles to the solar direction; this feature is strongly influenced
E
by the polarization resulting from Rayleigh type scattering events, but it is modi-
fied by the presence of the aerosols. The polarization is positive at most zenith
angles, but does become weakly negative over certain small regions well away from the
maxima. These calculated results agree very well in general shape and magnitude with
	
7	 the results measured by Coulson13 for a relatively clear atmosphere in Los Angeles
(see Fig. 1 of Coulson).
The polarization of the transmitted photons when the sun is at the zenith is
shown in Fig. 7 for the two aerosol models and the three surface albedos. The polar-
i	 ization is larger at all angles for the one-third normal aerosol model than for the
normal model	 The reason for this is two fold. First, the optical depth is smaller
for the one-third normal- atmosphere. In general, the polarization increases toward
the single scattering value as the optical cepth decreases. The second effect de-
pends on the behavior of the single scattering polarization itself. Since the
aerosol single scattering polarization has the opposite sign to the Rayleigh single
r. t
-9-
scattering polarization at most angles, the value of the polarization tends to de-
crease as the aerosol amount increases. This is evident in the curves of Fig. 7,
which also shows that the maximum tends to move toward the horizon as the aerosol
amount decreases.
The polarization decreases as the surface alhedo increases. This effect can be
explained in the following manner. A Lambert surface acts as an isotropic, unpolar-
ized source of radiation. If this were the only input source into the atmosphere,
the radiation would be unpolarized everywhere in the atmosphere, since there is no
preferred direction in space for this input function. When this radiation is added
to that which develops from the solar beam without reflection from the bottom surface,
the polarization necessarily decreases as the surface albedo increases. Although
the surface albedo is expected to have a large effect on the polarization of the re-
flected radiation, it is interesting that it has as large an effect as that shown
here for the polarization of the transmitted radiation.
The same polarization curves are given in Fig. 8, but for oo = 80.18° and in the
principal plane ( = 0° and 180°). The surface albedo has less effect on the polar-
ization when the sun is near the horizon than when it is at the zenith. A compari-
son of Fig. 8 with Fig. 16 of I shows that the neutral points are considerably changed
from those fn Ra lei h scatterin	 Fo the-normal aerosol model the 8abinet oint
f
J
r y	 g	 g.	 r	 p
(between solar direction and zenith) is 11.60 from the sun when A = 0 and the Arago
41
point (near solar horizon) is 26.0 0 from the antisun (i. e. 16.2 0 from the solar
horizon). The maximum polarization is about 0.601 and 0.778 for the one-third normal
fiand normal aerosol models and occurs at approximately a 90° angle to the solar direc-
tion.
The 'angular distance from the neutral points to the solar direction is tabulated
in Table I for five solar angles and three surface albedos. There are no neutral
points for the transmitted radiation when the sun is at the zenith nor when 00
nQ;
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21.20° and A = 0.90 for the normal aerosol amount. The neutral points of the trans-
mitted radiation change by only a few degrees as the surface albedo varies; the
largest variation is at eo = 40.88 0 , when the Brewster point changes by 3.6 0 as the
surface albedo varies from 0 to 0.90. As the aerosol amount changes from one-third
normal to normal, the Brewster and Babinet points move closer to the solar direction;
the largest changes for this variation in aerosol amount are 1.9° and 2.4° for the
71
I
Brewster and Babinet points respectively. On the other hand, the Arago point for the
9
transmitted radiation when e o = 80.18° moves away from the antisun as the aerosol
amount increases; the largest change between the two tabulated aerosol amounts is
4.2 0 for the Arago point. The position of the Babinet and Brewster points of the
u
transmitted radiation is relatively insensitive to the aerosol amount since the single
I scattered polarization of haze L is small for angles near the forward direction and
thus has little influence in changing the polarization from that calculated for Ray-
j
leigh type scattering events only. The variation is larger near the Arago point,
since a single scattered photon from haze L in the backward direction has relatively
large and negative polarization.
The polarization of the transmitted radiation out of the principal plane is shown
in Figs. 9 and 10 for oo = 80.18° and for the azimuthal angles	 = 60° and 120° and
for = 90 0 respectively. Note that neutral points do not occur out of the principal
plane. At most zenith angles the polarization increases as ^ approaches 90 0 . The
polarization curves at	 90	 given in Fig. 10, exhibit relatively little variation
with zenith angle. For this solar zenith angle, the single scattering angle only
varies between 80.1 0 and 900 in the	 = 90° plane; thus the single scattering always
occurs near the 90 0 angle for maximum polarization from Rayleigh scattering events.
The polarization of the reflected photons is given in Fig. 11. Curves are given
for five solar zenith angles, A 	 0.15,	 00 and 180 0 , and normal aerosol amount.
As expected the polarization is a maximum in each case at an angle approximately 900
to the olar direction.
•
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The polarization for the reflected radiation is shown in Fig. 12, when the
sun is at the zenith, for three surface albedos and the two aerosol models. The
polarization of the reflected radiation is strongly influenced by the surface albedo.
When A = 0.90, the polarization is appreciable only near the horizon. For the nor-
mal aerosol amount, there is a neutral point at approximately 200 , but none when the
aerosol amount is one-third normal. There is no neutral point for a pure Rayleigh
r
I ^	 atmosphere with the sun at the zenith. A one-third normal aerosol atmosphere does
not have sufficient aerosols to make the polarization negative near the nadir. How-
ever, when the normal aerosol model is used, the strong negative polarization for
single scattering at angles near the backward direction characteristic of haze L
(Fig. 18 of I opposite sign convention used to present article) is sufficient so
that there is a region of negative polarization from the nadir to approximately e
200 . As the nadir angle further increases, the strong positive polarization from
yRayleigh scattering dominates. Thus the neutral point for the reflected radiation is
.z
due to the interaction of the Rayleigh and haze L phase function, The position of
this neutral point should thus be sensitive to the size distribution and index of
t
	qg	 refraction of the aerosols, since the single scattered polarization changes appreciably
6 as these parameters are varied.
The polarization of the reflected photons when 00 80.180 is shown in Fig. 13
in the principal plane for three surface albedos and the two aerosol models. The
polarization is again strongly influenced by the surface albedo. On the other hand,
{ ,. 	 the position of the Babinet neutral point approximately 22 0 from the antisun does not
vary significantly with the surface albedo. The position of this neutral point is
determined by interaction between the negative polarization produced for scattering
from haze L at angles near the backward direction and the positive polarization from
Rayleigh type scattering events. There are also Arago neutral points that are very
	
_,,	 close to the horizon and cannot be shown on the figure.
7•
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The polarization of the reflected photons for an intermediate solar angle,
00 = 40.88°, is given in Fig. 14. The curves in the region around the neutral points
have been multiplied by 10 for clarity of presentation. The position of the neutral
points changes appreciably as the aerosol amount is increased from one-third normal
to normal. The dependence of the neutral point position on the surface albedo is
small.
The single scattering polarization for the normal aerosol amount has neutral
points very close to those calculated when multiple scattering is taken into account
n
and in addition has the necessary neutral point in the direction of the antisun.
When A = 0, the polarization curves have maxima close to 42° and 46 0 for the
normal and one-third normal models respectively. When A = 0.15 the curve for the
normal model has a maximum near 66 0 , but the cor-esponding curve for the one-third
normal model has a maximum at the horizon. The curves for the two models for A = 0.90
have maxima only at the horizon. In each case as the aerosol amount decreases, the
polarization curve is approaching the one for a pure Rayleigh atmosphere with
T	 0.1 (nearly the optical thickness of the Rayleigh component of the atmosphere at
0.55 um). For example, when A = 0, the maximum polarization is at a nadir angle of
48.3 0 for a pure Rayleigh atmosphere with T = 0.1. When A ? 0.15, the maximum is at
s
the antisolar horizon for Rayleigh scattering. This is the reason that the maximum
I	 _
moves from 66 0 for the normal aerosol amount to the horizon as the number of aerosols
decreases.
The angular distance between the neutral points and the anti-solar direction is
given in Table 1 for the reflected photons. There is a considerable variation in the
position of these neutral points as the aerosol amount increases from one-third to
normal, i. e. the angular distance of the Babinet point from the sun increases from
r^
7.4° to 19.3° when oo _ 21.20° and A = 0.. The position of these neutral points, as2 	 «
already discussed, should also be sensitive to the size distribution and index of
1<
r13
refraction of the aerosol particles. The position of the neutral points changes
only slightly with the surface albedo; the largest change is at o o
 = 40.88 0 when the
position of the Brewster point changes by 3.9 1 as the surface albedo varies from 0 to
0.90 for the one-third normal aerosol model.
The angle between the Babinet neutral point and the sun is shown in Fig. 15.
For comparison the position of the Babinet point for a Rayleigh atmosphere of optical
thickness 0.1 (nearly the actual value of the Rayleigh component of the atmosphere at
0.55 pm) is also shown in this figure. For e
o 
> 25' the angle from the sun to the
Babinet point for transmitted photons decreases as aerosols are added to a pure
Rayleigh atmosphere, while the angle from the antisun for the reflected photons
increases.
For the reflected photons a region of negative polarization develops around the
antisun for finite pure Rayleigh scattering layers. The haze L particles have a
strong negative polarization for scattering angles near 180 0 . Thus, as they are added
to a Rayleigh layer, they increase the region of negative polarization and move the
neutral points farther from the antisolar direction.
A pure Rayleigh layer of thickness 0.1 also develops a region of negative polar-
ization around the direction of the transmitted solar beam. In this case haze L
particles have a weak positive polarization for scattering angles from 3.53' to 25.6'
(see Fig. 18 of I; change sign convention). Thus as aerosol particles are added to
a Rayleigh layer, the region of negative polarization decreases and the neutral points
move toward the solar direction. This also counteracts the movement of the Babinet
point away from the sun as the optical thickness increases in this range.
The angle between the Brewster or Arago neutral points and the sun or antisun is
given in Fig. 16 as a function of the solar zenith angle. When the solar zenith angle
w. is between 0 0 and approximately 80 0 there is a Brewster neutral point (between sun or
antisun and the horizon). When the solar zenith angle is approximately 80 the
Aw
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Brewster neutral point touches the horizon; for greater solar zenith angles, there
u is an Arago neutral point (between antisolar horizon and zenith for transmitted
photons and between solar horizon and nadir for reflected photons). The angle less
than 90a from the neutral point to either the sun or antisun is plotted in Fig. 15.
When this is done, the curves are continuous as the Brewster point changes into an
	
W
Arago point.
As aerosols are added to a pure Rayleigh atmosphere, the Brewster point for the
^	 z
transmitted photons moves toward the sun, while that for the reflected photons moves
away from the antisun. The explanation is identical with that given for the same
behavior for the Babinet points. On the other hand, the Arago point moves away from
the antisun for the transmitted photons and toward the sun for the reflected photons.
The single scattered photons from the aerosols that are scattered into the direction
of the Arago point for the transmitted photons have undergone approximately 160
scattering and thus have a strong negative polarization. This combines with the small
region of negative polarization around the Arago point for a pure Rayleigh atmosphere,
so that this region of negative polarization increases in angular width and thus moves
the Arago point farther from the antisun. On the other hand, the single scattered
photons from the aerosols that are scattered into the direction of the Arago point for
the reflected photons have undergone approximately 20° scattering and have a weak
positive polarization._ This tends to decrease the angular width of the region of
negative polarization that develops for pure Rayleigh scattering around the Arago
point and thus the Arago point moves toward the sun as the aerosol amount increases
All of the calculated results shown here assume haze L particles for the
aerosols. Since the single;_scattering polarization is a sensitive function of the
index of refraction and size distribution assumed for the aerosols, it follows that
the various curves for the polarization and the location of the neutral ;points given 	 Y
here may be quite different for other types of particles.
^ep.u_..	 ewr,-."':—"y; .-^sr	 c•^'c^'.:--..r-m^... m •	 ..	 ^,. ,r	 _	
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Coulson 13 gives the variation of the Babinet point with sun elevation at 0.32
},m. The qualitative variation is the same as in our calculated Fig. 15, but the
measured displacements are larger. This would be expected, since the Rayleigh opti-
cal thickness of the atmosphere is much larger at the measured wavelength and the
Babinet point 'moves further from the sun as the optical thickness increases over this
range ( see I, Fig. 14 - 17).
Sekera et a1 14 made a number of measurements of the positions of the neutral
points, Although the results show considerable fluctuation from day to day and even
from hour to hour, presumably due to aerosol variations, the results at 0.515 Jim
agree qualitatively with the present calculations for 0.55 um. For example, at
eo = 60 the measured position of the Brewster and Babinet points is 0° to 7° closer
to the sun than the position calculated from a pure Rayleigh atmosphere. Our calcu-
lations for the Brewster and Babinet points for e0 = 60 0 show that they are 2.8 0 and
i
	
2,8° respectively closer to the sun for the one-third normal aerosol model and 4.6°
and 3;8° respectively closer for the normal aerosol model than the calculated values
i
	
for a pure Rayleigh atmosphere.
When eo = 800 , the measurements 14 of the position of the Arago point show that
it is 40 to 70 farther from the antisun than the position calculated from a pure
Rayleigh atmosphere. Our calculations for this case show a change of 4.0 ° and 8.2°
for the one-third normal and normal aerosol models respectively. The Arago point
must move away from the antisun as the aerosol amount increases for any aerosol whose
single scattering polarization curve is strongly negative for scattering angles
around 160°. For a ` different type of aerosol that has positive single scattering
polarization values around this angle, the Arago point would move toward the antisun,
as has occassiovally been reported experimentally.
The maximum polarization in the principal plane as a function of solar zenith
angle for three surface albedos and the two aerosol models is given in Fig. 17.
w
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L	 For comparison the curve is also shown for single scattering from the atmospheric
M
model with normal aerosol amount. In general the maximum polarization of the trans-
mitted photons increases or remains approximately constant as the solar zenith angle
increases, while that for the reflected photons decreases at first to a minimum
value and then increases as the sun nears the horizon; the minimum is quite pro-
nounced when A = 0.15 and 0.90.
-a
The zenith angle at which the maximum polarization is observed in the principal
plane is shown in Fig. 18 as a function of the solar zenith angle. In all cases the
maximum polarization for the transmitted photons is observed within 20° of the
direction which is at right angles to the solar direction. No such rule holds for
the reflected photons, as the maximum polarization is observed in many cases on the
horizon.
The maximum polarization in the 	 900 plane as a function of solar zenith
t angle is given in Fig. 19. At some angles the polarization is much larger than in
the principal plane because the single scattering angle is nearer 90
r
Coulson13 in Fig. 4 shows the maximum measured polarization at 0.55 um in the
ll
	
principal plane dropping from about 0.6 for 0 0 = 90 to 0.4 for oo = 30	 This
L'	 could be described well by our curve in Fig, 17 for the normal aerosol amount and a
surface albedo a little greater than 0.15. Sekera et a1 14 show this same quantity
in Fig. 22 at 0.515 um as measured at Cactus Peak, California decreasing from 0.8 at
C
oo	 90 to 0.6 at oo	 15°, This could be fitted by our calculations for the one
_	 third normal aerosol model and A 0.15. They also show the angular position of
this maximum in Fig. 21 the distance from the sun is between 90° and about 92° for
15 0 < eo < 80° at 0.515 pm. Our curve given in Fig. 18 indicates that the calcu-
lated position is within this range for the one-third normal aerosol model and either
A , 0 or 0.15. It is unfortunate that the measurements could not have been extended
to include the case of the sun nearer the horizon, as the calculations predict that
- 17
the position of the maximum moves toward the sun as oo decreases and is approximately
80 0 from the sun when 00 = 00.
The angle x which the direction of polarization (maximum intensity component)
makes with the direction of the meridian plane containing the final photon direction
is given by
tan 2X U/Q,	 (2)
where U and Q are two of the four components of the Stokes vector (I, Q, U, V). 	 The
range 0 0 < x < 180 0 has been chosen for the principal value of x, 	 The angle x is
chosen in the range 0 1 s x t 90' when U ^: O and in the range 90 0	x 5 180 0 when U
s 0
	 U is always negative for Rayleigh scattering, but may have either sign for	 3
aerosol	 scattering.	 U changes sign at the angles at which M 	 (the element of the
G	 phase matrix in the first row and second column) is zero.	 The values of 00 and 1800
°	 for x have equivalent physical meanings. 	 For example, if x is increasing as the
zenith angle increases and reaches the value 180 0 , the curve immediately reappears
G
at the bottom of the graph at 0',
	
This is not a real discontinuity in the motion of
the direction of polarization, which rotates in a perfectly continuous manner; only
the graphical representation has this jump.
The angle X is given in Fig. 20 for Cho = 40,88 0 and 80.18 and	 60° and 1200.
There is no appreciable difference in the curves for the normal and one-third normal
-	 i
aerosol models nor is there an appreciable variation with surface albedo.	 Curves for
A
k
both the transmitted and reflected radiation are shown in the figure and the values
5
are nearly identical
	
in both cases for corresponding angles. 	 Clearly the Rayleigh
fscattering dominates the determination of x and there are no discontinuities or rapid
variations of X as are found for scattering from a pure haze L layer (see II, Fig. 3).
One of the reasons that changesin X with amount of aerosols and surface albedo are soR
i
small	 in general	 is that x is computed from the ratio of U to Q, 	 It is found that
even though the magnitude of U and Q can change drastically, their ratio changes very 	 -
little.
f_lg_
V.	 Ellipticity
If a and b are proportional to the major and minor axes respectively of the
ellipse described by the end point of the electric vector of the radiation, then
t
	
the ellipticity (E) is defined as the ratio b/a
	
In terns of the four Stokes compo-
ments I, Q, U, V the ellipticity is
E	 - tan f j sin -I CV(Q2 '+ U 2 + VI	]l.
3
When the ellipticity is small this reduces top	y
EV(Q	 U	 V2)-
F.	 It was shown in II that the simple relation
E = -V/2PI
holds when the ellipticity is small. This equation reminds us that tare ellipticity
is zero whenver V is zero (which is always the case for Rayleigh scattering). The
quantity V is also zero for any spherical polydispersion in the principal plane.
The polarization in general tends to be large in a region where the ellipticity is
small. The above equations show that the ellipticity is small when Pl,>V,q	 p	 y
The incident solar radiation is unpolarized to a high approximation. If there
were only Rayleigh scattering in the atmosphere, there could be no elliptically
polarized light. The ellipticity arises from multiple scattering from the aerosol
component. Incident unpolarized radiation cannot create a circular component from
a single scattering, since the phase matrix for spherical particles has a zero entry
in the fourth row and first column, The photon must be scattered several times to
be elliptically polarized. The ellipticity of radiation scattered from a pure haze
L layer is studied in II, As in that article, all graphs in this article show the
absolute value of the ellipticity.
(3)
(4)
(5)
rs
The ellipticity for three solar zenith angles (oo = 21.20 0 , 40.88°, 60.53°){
is given is Fig. 21 in the plane 0 = 30 0
 and 150° for the transmitted photons and
a normal aerosol amount. 	 These curves may be compared with Fig. 7 of II which
gives the ellipticity for a pure haze L layer for oo = 31.43° (a value intermediate
between the first two values of oo given in Fig. 20).
	 If the comparison is made
^. for the haze L curve with T = 0.25, it is seen that the real atmosphere model re-
sults differ only in detail from the pure haze L layer.
	
The position of the zeros
of the curves is changed somewhat by the Rayleigh scattering of the real atmosphere
x
model.
The ellipticity for Uo = 80.18 0 , the plane 0 = 30° and 150°, and the one-third
x
normal and normal aerosol models is given in Fig. 22 for the transmitted radiation.
All	 the ellipticity graphs in this article are for a surface albedo A = 0, since
the variation with surface albedo could hardly 	 e shown i	 the scale of these fi
	 gy	 n	 -
ures;,the typical variation between the values for A = 0 and 0.9 is a few percent.
The ellipticity, of course, decreases in general as the aerosol amount decreases.
e
As the aerosol amount decreases to smaller values than shown here, the ellipticity
decreases in direct proportion to the aerosol amount (see discussion in II) and this
is even approximately true at many angles when the one-third normal and normal
aerosol curves are compared in Fig. 22. It is interesting to compare Fig. 22 with
Fig. 10 of II	 The curve for T	 0.25 in the latter figure has the same number of
zeros as the one for the real atmosphere model, but their position in some cases is
considerably displaced.
The ellipticity for the reflected photons for three solar zenith angles (21.20°;
40.88 0 ; 60.53 0 ) in the plane	 300 and 150 0 is shown in Fig. 23. The position of
the zero points is not changed appreciably from a pure haze L layer (compare Fig. 6
of II'). The main new feature is the relatively large values for the ellipticity (as
large as 0.04) in the 0 = 150° plane for the real atmosphere for eo 	 21.20' and
40.88p.
r
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+	 The ellipticity for the reflected photons for oo = 80.18 0
 and	 = 30 0 and 1500
is given in Fig. 24 for both the one-third normal and the normal aerosol models.
In this case the variation of the ellipticity is quite different from that for a
pure haze L layer (see Fig. 9 of II). Unfortunately since the ellipticity only de-
velops through the multiple scattering of the photons, there is no simple physical
explanation for curves such as these. Again at many angles the ellipticity is ap-
proximately proportional to the aerosol amount.
Vi. Conclusions
The radiance, amount and direction of polarization, and ellipticity of the solar
radiation which has undergone multiple scattering in a model earth's atmosphere has
been calculated. The variation of these quantities with solar zenith angle, aerosol
amount, and surface albedo was investigated. A comparison of the Calculated values
with such experimental measurements as are available shows general qualitative agree-
ment, even though the experimental conditions are never the saute as those assumed
for the model.
f	
a
A measurement of the position of the neutral points in the principal plane should
1	
be a sensitive means of determining the characteristics of the aerosol particles in
the atmosphere. The position of the neutral points is insensitive to the surface
albedo, typically varying only a few degrees, as the albedo changes from zero to 0.9. 	 {
The angular distance of the neutral points from the sun is also relatively insensi-
tive to the solar zenith angle. It is, however, sensitive to the number of aerosol
particles in the atmosphere and especially to the characteristics of their single
scattering polarization curve, aarticularly for scattering angles around 2 200 (for
transmitted photons) and around 160 0
 (for reflected photons). The single scattering
polarization changes greatly in character as the index of refraction and the size
distribution of the aerosols is varied. Thus, changes in these two quantities for
t
't
!t^I
.I
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I	 ^
the arosols in the real atmosphere should cause measurable variations in the neutral
point positions. The positions of the Arago point is especially sensitive to the
sign of the single scattered polarization for scattering angles around 180°.
Y
The value of the maximum polarization in the principal plane containing the
C
solar direction depends on the aerosol amount, the surface albedo, and the solar
	 .'
r
zenith angle. There exists a range of solar zenith angles for the reflected radia-
tion where the position of the maximum polarization value is especially sensitive to
the aerosol amount, e, g. when A - 0.15, this occurs for solar zenith angles between
about 35 0 and 50 0 . This suggests another possible method for obtaining information
about the aerosols in the atmosphere.
W	 The ellipticity curves for the real atmosphere are qualitatively similar to
those obtained for scattering from pure aerosol layers. They are little modified by
t
the Rayleigh scattering which occurs in the real atmosphere. Since each kind and
r	 size distribution of aerosols has 	 characteristic ellipticity curve, a measurement
I, of this quantity in the real atmosphere should provide considerable information about
the nature of the aerosols that are present.
C
k
.y
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Table I. Angular Distance Between Neutral Points and
Sun or Antisun
Normal Aerosol Amount
Brewster Babinet
j oo A = 0 0.15 0.90 A = 0 0.15 0.90
Reflected 00 20.40 20.30 19.30 20.40 20.30 19.30
21.20 0 22.20 22.00 19.40 19.30 19.30 19.30
40.88 0 23.50 23.00 19.80 22.00 21.90 21.40
60.53 0 23.20 22.80 20.40 22.60 22.40 21.40
80.18 0 10.20* 10.00* 10.30* 22.30 22.20 21.8°
Transmitted 00 --- --- -^- --- --- ---
21.20 0 4.40 4.10 --- 2.80 2.60 --
40.88 0 7.60 7.20 4.0° 6.80 6.50 4.20
60.53 0 10.50 10.20 8.60 9.30 9.10 7.80
80.18 0 26.00* 25.90* 25.40* 11 .60 11.60 11.00
One-Third Normal Aerosol Amount
Reflected 00 --- --- --- --_ __- ---
21.20 0 10.70 10.30 8.30 7.40 7.20 6.50
40.880 15.40 14.90 11.50 12.80 12.60 11.50
60.53 0 18.60 18.10 16.00 16.30 16.20 15.00
80.18 0 14.20* 14.10* 13.10 18..70 18.70 18.10
Transmitted 00 --- --- --- --- --- ---
2.1.20 0 5.00 4.70 3.10 3.50 3.40 2.20
C 40.880 8.80 8.411 6.60 7.60 7.50 6.40
60.53 0 12.30 12.00 10.50 10.30 10.20 9.30
80.18 0 21 .80* 21.70* 21.30* 13.90 13.80 13.40
* Arago point
1
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Captions for Figures
Fig. 1	 Diffuse transmitted radiance at the earth's surface for model atmospheres
with normal and one-third normal aerosol amounts as a function of zenith
angle of observation. The sun is at the zenith (e o = 0°). Curves are
given for three values of the surface albedo (A = 0, 0.15, 0.90) as well
as for the photons that have undergone only a single scattering event.
The incoming solar flux is normali
to the solar beam.
Diffuse transmitted radiance for A
five solar zenith angles (eo 	 00 ,
principal plane (^ = 0° and 1800).
of the graph and the solar horizon
Reflected radiance at the top of the atmosphere for model atmospheres with
normal and one-third normal aerosol amounts as a function of nadir angle
of observation, The sun is at the zenith (o o = 00 ). Curves are given for
A = 0, 0.15 and 0.90 and for single scattered photons.
Reflected radiance for eo = 80.180 in the principal plane { = 0 0 and 1800).
The antisolar horizon is at the left of the graph and the solar horizon is
!ed to unity in a direction perpendicular
0.15 and normal aerosol amount for
21.20, 40.88°, 60.53°, 80,18 0 ) in the
The antisolar horizon is at the right
at the left.
I	 at the right.
Fig. 5
	
Reflected randiance in the _principal plane for normal aerosol model for
'	 I
e°	 0° and 80.18° with A = 0 and for eo = 0°, 21.20°, 40.88°, 60.53°,
80.15° with A _ 0.15.
Fig. 6
	
Polarization_ of the transmitted photons in the principal plane for A 0.15
and eo = 0°, 21.20°, 40.88°, 60.53°, 80.180 for normal aerosol model.
Fig 7	 Polarization of the transmitted photons with the sun at the zenith for the
normal and one-third normal aerosol models and three values of the surface
al bedo .
1
9
J
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Fig. 8 Polarization of the transmitted photons for 00 = 80.18 0 in the principal
plane (	 0° and 180 0 ).	 Curves are given for the normal and one-third
normal aerosol models and three values of the surface albedo.
Fig. 9 Polarization of the transmitted photons for Oo = 80.18° and ^ = 60 1 and
120°.
Fig. 10 Polarization of the transmitted photons for -00 = 80.18° and ^ = 90°.
r
Fig. 11 Polarization of the reflected photons in the principal plane for A = 0.15
and 00 = 0°, 21.20°, 40,88°,	 60.53°, 80.18°.	 {
Fig. 12 Polarization of the reflected photons for Go = 00.
Fig, 13 Polarization of the reflected photons for 0 = 80.18° and	 = 0° and 180°.
Fig. 14 Polarization of the reflected photons for oo = 40.88° and	 = 0 0 and 1800.
The curves for = 180 0 between nadir angles of 14 0 and 67° have been multi-
plied by 10 for clarity.
Fig.. 15	 Angle between gabinet neutral point and sun or antisun as a function of
solar zenith angle. For comparison the curve is given for scattering
from a pure Rayleigh layer of optical thickness 0.1 (appropriate for a
wavelength of 0.55 um),
Fig. 16 Angle between Brewster and Arago neutral points and sun or antisun as a
function of solar zenith angle,
Fig., 17
	 Maximum polarization in principal plane as a function of solar zenith angle.
Curves are given for three surface albedos (0.0, 0.15, 0.90), the one-third
and normal aerosol models, as well as for single scattering from the normal
q
!	 aerosol model atmosphere.
Fig. 18	 Zenith or nadir angle at which the maximum polarization is observed in prin-
cipalplane as a function of the solar zenith angle.
Fig. '19
	
Maximum polarization in plane with 	 90° as a function ofsolar zenith
angle.
zf1
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Fig. 209 Direction of polarization	 as afunction ofP	 (X) the zenith angle9 for(	 ?	 _
transmitted photons) or of nadir angle (for reflected photons). Curves	 i
are given for 00 = 40.88° and 80.18°; ¢ = 60° and 120°; A = 0; normal
aerosol model.
Fig.	 21 Absolute value of ellipticity as a function of zenith angle for 00 = 21.20",`
40.88°, 60.53°; ¢ _ 30° and 150°; A = 0; normal aerosol model; for trans-
mitted photons.
Fig.	 22 Absolute value of ellipticity as a function of zenith angle for 00 = 80,18°;
= 30° and 150°; A = 0; one-third normal and normal aerosol models; for
transmitted photons.
i
Fig. 23 Absolute value of ellipticity as a function of nadir angle for 00 = 21.20 0,
l 40.88°, 60.53°; = 30° and 150°; A = 0; normal aerosol model; for reflected
photons.
Fig.	 249 Absolute value of ellipticity as a function ofP	 Y nadir angle forg 0	 = 80.18°;0
= 30° and 150°; A = 0; for reflected photons.
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